Gauss Maps of Surfaces in Contact Space Forms by Michiko Tamura
COMMENTARII MATHEMATICI
UNIVERSITATIS SANCTI PAULI
Vol. 52, No. 2 2003
ed. RIKKYO UNIV/MATH
IKEBUKURO TOKYO
171–8501 JAPAN
Gauss Maps of Surfaces in Contact Space Forms∗
by
Michiko TAMURA
(Received August 20, 2002)
(Revised June 2, 2003)
Abstract. Constant mean curvature surfaces in 3-dimensional contact space forms
with vertically harmonic Gauss map are classified.
Introduction
Gauss maps of surfaces in Euclidean 3-space play an important role in differential
geometry of surfaces. For instance, as shown by E. A. Ruh and J. Vilms [8], the harmonicity
of Gauss map is equivalent to the constancy of mean curvature. Based on this fundamental
fact, in recent years, constant mean curvature surfaces are constructed via the theory of
harmonic maps into the 2-sphere S2. See J. Dorfmeister [4] and references therein. The
Ruh-Vilms’ theorem has been generalized to surfaces in 3-dimensional space forms by
T. Ishihara [6].
However if the ambient 3-manifold is not of constant curvature, geometry of constant
mean curvature surfaces is much involved. In non-constant curvature 3-manifolds, the
Gauss maps of constant mean curvature surfaces are not always harmonic.
Sanini [9] studied Gauss maps of surfaces in 3-dimensional Heisenberg group H3. In
particular, he classified all constant mean curvature surfaces in H3 with vertically harmonic
Gauss map. Note that H3 is (homothetically) equivalent to contact space form R3(−3).
The purpose of this paper is to generalize the results by Sanini [9] to general 3-
dimensional contact space forms. Namely we classify constant mean curvature surfaces
in 3-dimensional contact space forms with vertically harmonic Gauss maps.
1. Contact space forms
First of all, we collect fundamental ingredients needed for our study.
Let N3 be a 3-dimensional manifold. A contact form η is a one-form on N satisfying
dη ∧ η = 0. A 3-manifold N together with a contact form is called a contact 3-manifold.
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Let (N3, η) be a contact 3-manifold. Then there exists a triplet (ϕ, ξ, g) of tensor
fields– (1, 1)-tensor field ϕ, vector field ξ and a Riemannian metric g , on N such that
ϕ2 = −I + η ⊗ ξ , η ◦ ϕ = 0 ,
g(ϕX, ϕY ) = g(X, Y ) − η(X)η(Y ) ,
g(X, ξ) = η(X) , dη(X, Y ) = 2g(X, ϕY )
for all vector fields X,Y ∈ X(N).
The structure (ϕ, η, ξ, g) is called the associated almost contact structure of the con-
tact 3-manifold (N, η).
A contact 3-manifold (N, η) is said to be a Sasakian 3-manifold if N satisfies
(DXϕ)Y = g(X, Y )ξ − η(Y )X
for all X,Y ∈ X(N). Here D denotes the Levi-Civita connection of g .
In addition, a tangent plane Πp at a point p ∈ N is called a holomorphic section if Πp
is invariant by ϕp. The sectional curvature of a holomorphic plane is called a holomorphic
sectional curvature.
A (connected and complete) Sasakian 3-manifold is said to be a contact 3-space form
or Sasakian 3-space form if the holomorphic sectional curvature is constant on N .
It is known that a contact space form is a space of constant curvature if and only if its
constant holomorphic sectional curvature is 1.
For more detail on contact manifolds, we refer to Blair [2].
Next, we recall an explicit model of contact space forms used in [1]. For any real
number c, we put μ := (c + 3)/16. Let us equip the following Riemannian metric
g = gμ = dx
2 + dy2
4{1 + μ(x2 + y2)}2 + η ⊗ η ,
η := dz
2
+ ydx − xdy
4{1 + μ(x2 + y2)}
on the region
D = {(x, y, z) | 1 + μ(x2 + y2) > 0}
of R3. For c ≥ −3, D is the whole 3-space R3, while c < −3, g is defined on the region
x2 + y2 < −16/(c + 3).
Take an orthonormal frame field E = (e1, e2, e3):
e1 = 2{1 + μ(x2 + y2)} ∂
∂x
− y ∂
∂z
,
e2 = 2{1 + μ(x2 + y2)} ∂
∂y
+ x ∂
∂z
,(1)
e3 = 2 ∂
∂z
.
Then the dual coframe field (ω1, ω2, ω3) is given by
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ω1 = dx
2{1 + μ(x2 + y2)} , ω
2 = dy
2{1 + μ(x2 + y2)} , ω
3 = η .(2)
Note that the one-form η is a contact form.
The Levi-Civita connection D of g is described by the formulas:
De1e1 = 4μye2 , De2e2 = −4μye1 + e3 , De1e3 = −e2 ,
De2e1 = −4μxe2 − e3 , De2e2 = 4μxe1 , De2e3 = e1 ,(3)
De3e1 = −e2 , De3e2 = e1 , De3e3 = 0 .
[e1, e2] = −4μye1 + 4μxe2 + 2e3 , [e2, e3] = [e3, e1] = 0 .(4)
The curvature tensor R is described by the formulas:
g(R(e1, e2)e2, e1) = c , g(R(e1, e3)e3, e1) = g(R(e2, e3)e3, e2) = 1 .(5)
Define an endomorphism field ϕ by ϕe1 = e2, ϕe2 = −e1, ϕe3 = 0 and define
ξ := e3. Then it is easy to check that the structure (ϕ, ξ, η, gμ) is an almost contact
structure of D. Moreover (D, ϕ, ξ, η, gμ) is a contact manifold of constant holomorphic
sectional curvature c = −3 + 16μ.
PROPOSITION 1.1. The almost contact manifold (D, ϕ, ξ, η, gμ) is a contact space
form of constant holomorphic sectional curvature c = −3 + 16μ.
We denote byM3(c) the contact space form (D, ϕ, ξ, η, gμ).
REMARK 1.1. It is known that the two-parameter family {hλ,μ} of Riemannian met-
rics defined by
hλ,μ := dx
2 + dy2
{1 + μ(x2 + y2)}2 +
(
dz + λ
2
ydx − xdy
1 + μ(x2 + y2)
)2
, λ, μ ∈ R
includes all the Riemannian metrics with 4-dimensional isometry group (cf. [3]). Our
metric gμ is related to this family by 4gμ = h1,μ. Note that h1,0 = 4g0 coincides with the
canonical left invariant metric on the Heisenberg group H3 used in Sanini [9].
The vector field ξ is Killing, complete and generates a one-parameter group of isome-
tries onM3(c). Furthermore this group action is simply transitive. The orbit space 	M2 =
M3(c)/ξ is
	M2 =
(
{(x, y) ∈ R2 | 1 + μ(x2 + y2) > 0}, dx
2 + dy2
4{1 + μ(x2 + y2)}2
)
.
The natural projection π : M3(c) → 	M2 defined by π(x, y, z) = (x, y) is a Riemannian
submersion with totally geodesic fibers. The base space M¯2 is of constant curvature c¯ :=
c + 3.
To close this section, we recall the notion of Hopf cylinder inM3(c).
Let γ¯ be a curve in 	M2(c¯) parametrized by the arclength parameter with curvature
κ¯ . Then the inverse image M := π−1{γ¯ } is a flat surface in M3(c) with mean curvature
H = κ¯/2. The flat surface M is called the Hopf cylinder over γ¯ .
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2. Gauss maps
Let (Nn, gN) be a Riemannian manifold. Denote by Gr(T N) the Grassmannian
bundle of -planes in the tangent bundle T N :
Gr(T N) :=
⋃
p∈N
Gr(TpN) .
Here Gr(TpN) is the Grassmannian manifold of -planes in the tangent space TpN at
p ∈ N .
The Grassmannian bundle is a fiber bundle associated to the orthonormal frame bundle
O(N) whose standard fiber is the Grassmannian manifold Gr(Rn) of all -planes in Rn.
The canonical 1-form of O(N) and the Levi-Civita connection 1-forms of gN naturally
induce an invariant Riemannian metric 〈·, ·〉 on Gr(T N). With respect to this metric the
projection pr : Gr(T N) → N becomes a Riemannian submersion with totally geodesic
fibers. For more details on the Riemannian structure of Gr(T N), we refer to Jensen and
Rigoli [7] and Sanini [9].
Let Mm be a submanifold in Nn. Then the Gauss map ψ of M is a smooth map
ψ : M → Grm(T N) defined by
ψ(p) := TpM ∈ Grm(TpN)
Here we recall fundamental ingredients in the theory of harmonic maps from the lec-
ture notes [5] by Eells and Lemaire.
Let (M, gM,DM) and (P, gp,DP ) be Riemannian manifolds. We denote by DM and
DP the Levi-Civita connections of M and P respectively. Next let f : M → P be a
smooth map of a manifold M into P .
The energy density e(f ) of f is a smooth function on M defined by e(f ) := |df |2/2.
It is obvious that e(f ) = 0 if and only if f is constant.
The energy E(f ) of f is
E(f ) :=
∫
M
e(f )dVM .
Here dVM is the volume element of (M, gM).
A smooth map f is said to be a harmonic map if it is a critical point of the energy.
Next, we recall the Euler-Lagrange equation of the energy.
The second fundamental form Ddf of f is defined by
(Ddf )(X; Y ) := DPdf (Y )df (X) − df (DMY X) , X, Y ∈ X(M) .
The trace of Ddf is a section of f ∗(T P ) and called the tension field of f :
τ (f ) := trgM (Ddf ) ,
It is well known that the Euler-Lagrange equation of the energy is
τ (f ) = 0 .
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Next, let (P, gP ) be a Riemannian manifold and pr : (P, gP ) → (N, gN) a Riemann-
ian submersion. With respect to the metric gP , the tangent bundle T P of P is decomposed
as:
TuP = Hu ⊕ Vu , u ∈ P .
Here Vu := Ker(pr∗)u and Hu = V⊥u are called the vertical subspace and horizontal
subspace of TuP at u respectively.
Now let f : (M, gM) → (P, gP ) be a smooth map. With respect to the Riemannian
submersion pr, τ (f ) is decomposed into its horizontal and vertical components:
τ (f ) = τH(f ) + τV (f ) .
The map f is said to be a vertically harmonic map if the vertical component τV (f ) vanishes
(cf. [10]).
Now we study vertical harmonicity of Gauss maps for constant mean curvature sur-
faces in contact space form M3(c). Since, for surfaces in M3(1), constancy of mean
curvature is equivalent to the harmonicity of Gauss map (see [6] and [7]), hereafter we may
restrict our attention to surfaces inM3(c) with c = 1.
Sanini obtained the following fundamental result.
LEMMA 2.1 ([9]). Let N be a Riemannian 3-manifold and M a constant mean cur-
vature surface in N with unit normal vector field n. Take a principal frame field {ε1, ε2, ε3 =
n}, i.e., an orthonormal frame field such that {ε1, ε2} diagonalizes the shape operator. Put
Rijkl = gN(R(εi, εj )εk, εl)
and denote by ψ the Gauss map of M . Then ψ is vertically harmonic if and only if R1212 =
R2123 = 0. Moreover when M is minimal, ψ is harmonic if and only if, in addition,
R3113 = R3223 = 0.
Sanini applied this Lemma to surfaces in Heisenberg group H3 with canonical left
invariant metric (see [9]).
The following is the main result of this paper.
THEOREM 2.1. Let M be a surface in contact space form M3(c), c = 1 with con-
stant mean curvature. Then the Gauss map of M is vertically harmonic if and only if M is a
Hopf cylinder of constant mean curvature. Hopf cylinders with nonzero constant mean cur-
vature are (only) constant mean curvature surfaces whose Gauss map are nonconformal
and nonharmonic.
In particular the only minimal surface in M3(c), c = 1 with vertically harmonic
Gauss map is a Hopf cylinder over a geodesic. In this case the Gauss map is a weakly
conformal harmonic map.
Proof. Let M ⊂ M3(c) be a surface of constant mean curvature with unit normal
vector field n. We denoe by II the second fundamental form of M in M3(c) derived from
n:
II(X, Y )n := DXY − ∇XY , X, Y ∈ X(M) .
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Here ∇ is the Levi-Civita connection of M .
We express n as
n = pe1 + qe2 + re3 , p2 + q2 + r2 = 1
in terms of the orthonormal frame field (1).
Next, let us denote by ϑ the dual one-form of n. Then ϑ is expressed by ϑ = pω1 +
qω2 + rω3 relative to the coframe field (2).
(I) Case 1) r = 0: In this case,
v1 = −re2 + qe3 , v2 = (q2 + r2)e1 − pqe2 − pre3
form an orthogonal frame field of M .
Direct computations show the following formulas:
g(R(v1, v2)v1, n) = (1 − c)pr2(q2 + r2) ,
g(R(v2, v1)v2, n) = (c − 1)qr(q2 + r2) .
Take a principal frame {ε1, ε2}. Then {ε1, ε2} is expressed as
ε1 = cos θ v1|v1| + sin θ
v2
|v2| , ε2 = − sin θ
v1
|v1| + cos θ
v2
|v2| .(6)
Then we have
R1213 = (1 − c)r(q
2 + r2)
|v1||v2|
(
pr
|v1| cos θ +
q
|v2| sin θ
)
,
R2123 = (c − 1)r(q
2 + r2)
|v1||v2|
(
− pr|v1| sin θ +
q
|v2| cos θ
)
.
From these we have τV (ψ) = 0 if and only if p = q = 0. Hence ϑ = η. Namely M is
an integral surface of the distribution η = 0, but this is impossible, since η is contact (see
Theorem in [2], p. 36).
(II) Case 2) r = 0: Since p2 + q2 = 1, we may write p = cosφ, q = sin φ.
In this case u1 = sin φe1 − cosφe2, u2 = e3 are orthonormal and tangent to M . The
unit normal n is given by n = cosφe1 + sin φe2. Then we have
R(u1, u2)u1 = −u2 , R(u2, u1)u2 = −u1 .(7)
Let us denote by θ the angle between the principal frame {ε1, ε2} and {u1, u2}, i.e.,
ε1 = cos θu1 + sin θu2 , ε2 = − sin θu1 + cos θu2 .(8)
Using (7) and (8), we have R1213 = R2123 = 0. Thus τV (ψ) = 0 is fulfilled automatically
for M with r = 0.
Moreover, we can see from the proof of Theorem 8.2 in [1] that constant mean curva-
ture surfaces M with r = 0 are Hopf cylinders of constant mean curvature.
Furthermore the second fundamental form II is given by
II(u1, u1) = 2H , II(u1, u2) = 1 , II(u2, u2) = 0 .(9)
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(cf. (8.4) in [1]). Next we study the case where the Gauss map ψ is harmonic. Using (7)
and (8) again we have
R3113 = c cos2 θ + sin2 θ , R3223 = c sin2 θ + cos2 θ .
Thus R3113 = R3223 if and only if θ = ±π/4. Without loss of generality we may assume
θ = π/4. In this case, the principal frame {ε1, ε2} is given by
ε1 = (u1 + u2)
√
2 , ε2 = (−u1 + u2)/
√
2 .(10)
By definition, II(ε1, ε2) = 0. On the other hand, direct computation using (9) shows
II(ε1, ε2) = −H . Thus a constant mean curvature surface M with r = 0 satisfying
R3113 = R3223 is minimal.
Conversely, one can check by direct computations that every Hopf cylinder of constant
mean curvature has vertically harmonic Gauss map and that the tension field does not vanish
if H = 0. It is also straightforward to check that every minimal Hopf cylinder has harmonic
Gauss map. 
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